Abstract. In this paper we consider minors of ribbon graphs (or, equivalently, cellularly embedded graphs). The theory of minors of ribbon graphs differs from that of graphs in that contracting loops is necessary and doing this can create additional vertices and components. Thus the ribbon graph minor relation is incompatible with the graph minor relation. We discuss excluded minor characterisations of minor closed families of ribbon graphs. Our main result is an excluded minor characterisation of the family of ribbon graphs that represent knot and link diagrams.
Introduction and overview
One of the deepest results in graph theory, the Robertson-Seymour Theorem [22] , is that graphs are well-quasi-ordered under the graph minor relation. This theorem may reformulated as stating that every minor-closed family of graphs is characterised by a finite set of excluded minors. However, although we know minor-closed families can be characterised by excluded minors, very few explicit characterisations are known. (Perhaps the best-known being Wagner's Theorem which characterises planar graphs as those with no K 5 or K 3,3 minors.)
Rather than working with abstract graphs, in this paper we consider minors of cellularly embedded graphs which we realise as ribbon graphs. Ribbon graph minors differ from minors of abstract graphs as it is necessary to allow the contraction of loops (forbidding the contraction of loops results in infinite anti-chains, as in Example 2.1, and so ribbon graphs are not well-quasi-ordered under such a relation). Moreover, contracting a loop e of a ribbon graph G may result in ribbon graph G/e with more vertices or components than the original. Thus the underlying graphs of two ribbon graph minors need not be graph minors. We conjecture the analogue of the Robertson-Seymour Theorem for ribbon graphs: every minor-closed family of ribbon graphs can be characterised by a finite set of excluded minors. This conjecture leads to the problem of finding excluded minor characterisations of minor-closed families of ribbon graphs. While it is fairly straight-forward to find excluded minor characterisations of some families of ribbon graphs, such as those with genus at most g, of course this is not always the case. Our main result here is an excluded minor characterisation of the set of ribbon graphs that represent knot and link diagrams.
There is a classical, and well-known way to represent link diagrams as signed plane graphs (see for example [2, 12, 25] ). This construction provides a bridge between knot theory and graph theory, and has found numerous applications in both of these areas. In the construction, the over/under crossing structure of the link diagram is encoded by signs + or − on the edges of the plane graph. (The link diagram arises as the medial graph of the plane graph with the crossings determined by the signs). By considering graphs in orientable surfaces of higher genus Dasbach, Futer, Kalfagianni, Lin and Stoltzfus in [8] (see also Turaev [23] ) explained how the crossing structure can be encoded in the topology of an embedded graph, avoiding the need for signed graphs. This idea has proved to be very useful and has found many recent applications in knot theory, such as to knot polynomials, Khovanov homology, knot Floer homology, Turaev genus, quasi-alternating links, the signature of a knot, the determinant of a knot, and to hyperbolic knot theory (see, for example, [1, 4, 5, 6, 7, 8, 9, 10, 13, 14, 16, 17, 18, 23, 24, 26] ). Not only this, but the insights provided by the construction have led to new developments in graph theory (particularly for graph polynomials) and quantum field theory. Although every link diagram can be represented by an embedded graph, not every embedded graph represents a link diagram. Given the applications, understanding the class of embedded graphs that represent link diagrams is an important problem. The main result of this paper is an excluded minor characterisation of this class which we state in terms of ribbon graphs:
Main Theorem. Let B1, B 3 , and θ t be the ribbon graphs shown in Figure 1 . Then a ribbon graph represents a link diagram if and only if it contains no minor equivalent to B1, B 3 , or θ t .
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Ribbon graphs and their minors
2.1. Ribbon graphs. We assume a familiarity with basic graph theory and topological graph theory, but give a brief review of ribbon graphs referring the reader to [12, 15] for further details. (Note that ribbon graphs are called 'reduced band decompositions' in [15] .) A ribbon graph G = (V (G), E(G)) is a surface with boundary, represented as the union of two sets of discs: a set V (G) of vertices and a set E(G) of edges such that: (1) the vertices and edges intersect in disjoint line segments; (2) each such line segment lies on the boundary of precisely one vertex and precisely one edge; and (3) every edge contains exactly two such line segments. See Figure 1 for some examples of ribbon graphs. It is well-known that ribbon graphs are equivalent to cellularly embedded graphs and to band decompositions. (Ribbon graphs and band decompositions arise naturally from neighbourhoods of cellularly embedded graphs. On the other hand, topologically a ribbon graph is a surface with boundary, capping-off the holes gives a band decomposition, which gives rise to a cellularly embedded graph in the obvious way. Again, see [12, 15] for details.) A bouquet is a ribbon graph with exactly one vertex. A ribbon graph is orientable if it is orientable when viewed as a surface, and is plane if when viewed as a surface it is a sphere with holes. The genus, g(G), of a ribbon graph G is its genus when viewed as a surface. Two ribbon graphs are equivalent if they describe equivalent cellularly embedded graph, and we consider ribbon graphs up to equivalence. Informally, this means ribbon graphs are equivalent if there is a homeomorphism taking one to the other that preserves the vertex-edge structure and the cyclic order of the half-edges at each vertex. The homeomorphism should be orientation preserving when the ribbon graphs are orientable.
2.2. Ribbon graph minors. Let G be a ribbon graph, e ∈ E(G), and v ∈ V (G). Then G − e denotes the ribbon graph obtained from G by deleting the edge e, and G − v denotes the ribbon graph obtained from G by deleting the vertex v and all of its incident edges. A ribbon graph H is a ribbon subgraph of G if it can be obtained from G by deleting vertices and edges. If u 1 and u 2 are non-loop non-orientable loop orientable loop Table 1 . Operations on an edge e (highlighted in bold) of a ribbon graph. The ribbon graphs are identical outside of the region shown.
the (not necessarily distinct) vertices incident to e, then G/e denotes the ribbon graph obtained as follows: consider the boundary component(s) of e ∪ u 1 ∪ u 2 as curves on G. For each resulting curve, attach a disc (which will form a vertex of G/e) by identifying its boundary component with the curve. Delete e, u 2 and u 2 from the resulting complex, to get the ribbon graph G/e. We say G/e is obtained from G by contracting e. See Table 1 for the local effect of contracting an edge of a ribbon graph.
We refer the reader to [12] for alternative descriptions of contraction, examples, and a discussion on why this is the correct concept of edge contraction for ribbon graphs (see also Example 2.1). Note that contraction of non-loop edges of a ribbon graph is compatible with the the standard contraction of non-loop edges in cellularly embedded graphs, and coincides with the obvious idea of contracting a non-loop edge e = (u 1 , u 2 ) by making the disc e ∪ u 1 ∪ u 2 into a vertex. However, we emphasise that when e is a loop, G/e may have more components and vertices than G. In particular, this means that the underlying graphs of two ribbon graph minors (which we define shortly) need not be graph minors, and this where the main difference between graph minor theory and ribbon graph minor theory originates.
If multiple edges of a ribbon graph are contracted and/or deleted, the resulting graph does not depend on the order of the deletions and contractions. We say that a ribbon graph H is a minor of a ribbon graph G if H is obtained from G by a sequence of edge deletions, vertex deletions, or edge contractions. In addition, we say that G has an H-minor if it has a minor equivalent to H. We can assume without loss of generality that in the formation of a ribbon graph minor only isolated vertices are ever deleted. A set S of ribbon graphs is minor-closed if for each G ∈ S every minor of G is in S.
A quasi-ordering is a symmetric and transitive relation. A quasi-ordering ≤ on a set X is a well-quasi-ordering if it contains neither an infinite antichain nor an infinite decreasing sequence x 0 > x 1 > · · · . (An antichain is a subset with the property that any two elements are incomparable.) The Robertson-Seymour Theorem states that graphs are well-quasi-ordered by the graph minor relation. For graphs, deleting and contracting a loop results in the same graph, and so loops need not be contracted. This is in sharp contrast to ribbon graph minors where forbidding the contraction of loops results in infinite anti-chains as in the following example.
Example 2.1. Let n ∈ N and B n denote the orientable bouquet with edges e 1 , . . . , e n that meet the vertex in the cyclic order e 2 e 1 e 3 e 2 e 4 e 3 · · · e n e n−1 e 1 e n . (See Figures 1(b) and 2(a) .) Also let B = {B 2k+1 | k ∈ N}. If we forbid the contraction of loops in ribbon graph minors, B is an infinite anti-chain. However, when we allow loops to be contracted, B 2k+1 is a ribbon graph minor of B 2k+3 , for each k ∈ N (see Figure 2) . In particular, it follows every ribbon graph in B has a B 3 -minor. Observe that B n /e n is not a graph minor of B n , for each n ∈ N.
Conjecture 2.2. The set of ribbon graphs is well-quasi-ordered by the ribbon graph minor relation.
One of the consequences of Conjecture 2.2, if it is true, is that every minor closed class of ribbon graphs can be characterised in terms of a finite set of excluded minors. The rest of this paper is concerned with finding an excluded minor characterisation of the set of ribbon graphs that represent link diagrams.
3. An excluded minor characterisation of the ribbon graphs of links . Then, for each pair of c-labelled arrows, take a disc (which will form an edge of A(D)), orient its boundary, place two disjoint arrows on its boundary that point in the direction of the orientation, and identify each c-labelled arrow on this edge disc with a distinct c-labelled arrow on the vertex discs such that the directions of the arrows agree. The resulting ribbon graph is A(D). We say that a ribbon graph G represents a link diagram, or is the ribbon graph of a link diagram, if G = A(D), for some link diagram D. (The approach we use to constructing A(D) is from [6] , and we note that the decorated circles in the above construction are exactly an arrow presentation [6] 
of A(D).)
An important observation is that not every ribbon graph arises as the ribbon graph of a link diagram (for example, for n ≥ 3 there are more ribbon graphs on n edges than there are link diagrams with n crossings). The question of characterising the class of ribbon graphs that represent link diagrams then arises. The following theorem provides an excluded minor characterisation of this class. For the theorem, recall B 3 from Example 2.1 and Figure 1(a) ; let B1 be the non-orientable bouquet with one edge, as in Figure 1(c) ; and let θ t be the toriodal θ-graph, as in Figure 1(c) .
Main Theorem. A ribbon graph represents a link diagram if and only if it contains no minor equivalent to B1, B 3 , or θ t .
The remainder of this paper is devoted to the proof of this theorem. 
3.2.
The connection with partial duals. When working with the ribbon graphs of link diagrams it is often convenient to use the framework of partial duals. Partial duality was introduced by Chmutov in [6] . It arises as a natural operation in knot theory, topological graph theory, graph polynomials, delta-matroids, and quantum field theory. Roughly speaking, a partial dual of a ribbon graph is obtained by forming the geometric dual with respect to only some of its edges. To make this concrete, let G = (V (G), E(G)) be a ribbon graph. The geometric dual G * of G is the ribbon graph obtained from G by capping off the holes using a set of discs, denoted V (G * ), to obtain a band decomposition, then deleting the discs in V (G), so G * = (V (G * ), E(G)). A partial dual G A of G is obtained by forming the geometric dual, as above, but only at the edges in a set A as follows. Let A ⊆ E(G) and regard the boundary components of the ribbon subgraph (V (G), A) of G as curves on the surface of G. Glue a disc to G along each of these curves by identifying the boundary of the disc with the curve, and remove the interior of all vertices of G. The resulting ribbon graphs is the partial dual G A . If A = {e} we write G e for G {e} . Partial duality changes the ribbon graph locally at the edges in A and the regions where they meet their incident vertices. Table 1 shows the local effect of forming the partial dual with respect to an edge e of a ribbon graph G. Observe from the from the table (or from the definitions) that G/e = G e − e. We also have that the edges of G A correspond to the edges of G, G * = G E(G) , G ∅ = G, (G A ) B = G A△B (in particular partial duals can be formed one edge at a time), and partial duality acts disjointly on connected components. Alternative constructions and examples of partial duals can be found in [6, 11, 12, 19] .
Our interest in partial duals here arises from the following proposition.
Proposition 3.1 (Chmutov [6] ). A ribbon graph G represents a link diagram if and only if it is a partial dual of a plane graph.
We now give a few lemmas about partial duals. The first of which says that the minors of a partial dual of G are the partial duals of the minors of G. For the lemma we introduce the notation that if H is a minor of G, and A ⊆ E(G), then by H A we mean H A∩E(H) .
Lemma 3.2. Let G be a ribbon graph and A ⊆ E(G). Then
The result is easily verified when |E(G)| ∈ {0, 1} or A = ∅, so assume that this is not the case. Since partial duals can be formed one edge at a time it is enough to prove the theorem for A = {e}. Let f ∈ E(G) with f = e. Since edge deletion, contraction and partial duality change the ribbon graph locally at the edge involved, we have that (G − f ) e = G e − f and (G/f ) e = (G e )/f . Next (G−e) e = G−e = (G e ) e −e = (G e )/e, where the first equality is by definition as e ∈ E(G−e), the second since partial duality is involutary, and the third by the relation G/e = G e − e between partial duality and contraction. Similarly, (G/e) e = G/e = (G e ) − e. From these identities it follows that H is obtained from G A by deleting and contracting edges if and only if H = J A from some J obtained from G by deleting and contracting edges. The since deleting isolated vertices of H and J A correspond, this statement also holds when the operation of vertex deletion is included, and the result follows.
Lemma 3.3. Let G be a ribbon graph.
(1) If H is a minor of G, then g(H) ≤ g(G). In particular, for each k ∈ N 0 the set of ribbon graphs of genus at most k is minor-closed. (2) For each k ∈ N 0 then set of all ribbon graphs that have a partial dual of genus at most k is minor-closed.
Proof. For the first item of the lemma begin by noting that deleting an isolated vertex does not change the genus of a ribbon graph. It then remains to show that deleting or contracting an edge can not increase genus, but this follows since G/e and G−e naturally embed in G (examine Table 1 ). Note that this item can also be proven using Euler's formula. For the second item of the lemma, let G be a ribbon graph. The result is trivial if E(G) = ∅, so assume that this is not the case. Let e ∈ E(G) and suppose that g(G A ) ≤ k for some A ⊆ E(G). If e / ∈ A, then since partial duals and edge contraction act locally (G/e) A = G A /e, so by the first item of the lemma,
In all cases we see that G/e and G − e have a partial dual of genus at most k. Finally, if v is an isolated vertex then g((G − v) A ) = g((G A − v)) = g(G A ) = k. It follows from this that if G has a partial dual of genus k, then each minor of G has a partial dual of genus at most k.
Lemma 3.4. The set of ribbon graphs that represent link diagrams is minor-closed.
Proof. The result follows immediately from Propostion 3.1 and Lemma 3.3.
3.3. The proof of the main theorem. To prove the main theorem, we use a rough structure theorem for the partial duals of plane graphs from [20] (see also [21] ). This rough structure theorem guarantees a decomposition of a partial dual of a plane graph into a set of plane graphs. To describe the result we need some additional notation. A vertex v of a ribbon graph G is a separating vertex if there are non-trivial ribbon subgraphs G 1 and G 2 of G such that G = G 1 ∪ G 2 and G 1 ∩ G 2 = {v}. Let G be an ribbon graph and A ⊆ E(G). Then A defines a plane-biseparation of G if (1) all of the components of G| A and G| A c are plane, (2) every vertex of G that is in both G| A and G| A c is a separating vertex of G. We say that a ribbon graph G admits a plane-biseparation if there is some A ⊆ E(G) that defines a plane-biseparation of G. As an example, the ribbon graph in Figure 3 (e) admits plane-biseparations. The edge sets {1, 6, 7}, {2, 6, 7}, {2, 3, 4, 5, 8}, and {1, 3, 4, 5, 8} are exactly those that define plane-biseparations. A further concept we need for the proof of the main theorem is that of an intersection graph. Let G be a bouquet. The intersection graph I(G) of G is the graph with vertex set E(G) and in which two vertices e and f of I(G) are adjacent if and only if their ends are met in the cyclic order e f e f when travelling round the boundary of the unique vertex of G. (If G is viewed as a chord diagram, then I(G) is exactly the intersection graph of this chord diagram.)
We can now prove the main theorem.
Proof of Theorem 1. First, since the set of ribbon graphs that represent link diagrams is minorclosed (by Lemma 3.4) and B1, B 3 , or θ t do not present link diagrams (as they are not partial duals of plane graphs), it follows that if G represents a link diagram it can contain no minor equivalent to B1, B 3 , or θ t . For the converse, suppose that G does not represent a link diagram. Without loss of generality we assume that G is connected. If G is non-orientable then it contains a cycle C homeomorphic to a Möbius band. Deleting all of the vertices and edges of G not in C then contracting all but one edge of C gives a B1-minor of G. Now suppose that G is orientable. By Proposition 3.1 G is not a partial dual of a plane graph. Let T ⊆ E(G) be the edge set of a spanning tree of G. Then G T has exactly one vertex. Moreover, G T is not a partial dual of a plane graph since G is not, and so by Theorem 3.5 we have that G T does not admit a plane-biseparation. It follows that its intersection graph I(G T ) is not bipartite. (If I(G T ) was bipartite then consider a proper 2-colouring of it. The set of vertices of each colour each induce a subgraph of G T . Since no vertices of a given colour in I(G T ) are adjacent each of the induced subgraphs of G T is plane. It follows that the edge set of G T determined by the vertices of a given colour induces a plane-biseparation of G T , a contradiction.) Since I(G T ) is bipartite it contains an odd cycle C of length at least 3. The vertices in C induce a subgraph of G T and since C is an odd cycle this subgraph is equivalent to B 2k+1 , for some k ∈ N. Hence, by Example 2.1, G T has a B 3 -minor. Finally, by Lemma 3.2, it follows that G has a minor that is equivalent to a partial dual of B 3 , but up to equivalence B 3 has exactly two partial duals, itself and θ t . Thus we have shown that G contains a minor equivalent to B1, B 3 , or θ t completing the proof.
